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Abstract: We provide analytical solutions of the Continuous Symmetry Measure (CSM) equation for several sym-

metry point-groups, and for the associated Continuous Chirality Measure (CCM), which are quantitative estimates of

the degree of a symmetry-point group or chirality in a structure, respectively. We do it by solving analytically the

problem of finding the minimal distance between the original structure and the result obtained by operating on it all

of the operations of a specific G symmetry point group. Specifically, we provide solutions for the symmetry meas-

ures of all of the improper rotations point group symmetries, Sn, including the mirror (S1, CS), inversion (S2, Ci) as

well as the higher Sns (n [ 2 is even) point group symmetries, for the rotational C2 point group symmetry, for the

higher rotational Cn symmetries (n [ 2), and finally for the Cnh symmetry point group. The chirality measure is the

minimal of all Sn measures.
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Introduction: The Approach

Measuring symmetry and chirality on a continuous scale is a

concept that has found already many applications in practically

all domains of chemistry and related areas.1–4 Several algo-

rithms and computational tools have been proposed to approach

this type of structural analysis. Particularly well-developed

have been the general Continuous Symmetry Measure (CSM)

[5] and the closely related Continuous Chirality Measure

(CCM) [6], which allow quantification of the content of any

symmetry point group [1,3–5], of any specific (polyhedral)

shape [7,8], and of chirality [1,3,4,6], all stemming from the

same basic approach: Estimation of the minimal distance to

symmetry, that is, to the (searched) nearest symmetrical struc-

ture. An important on-going challenge has been to provide ana-

lytical solutions of the appropriate distance functions. In some

instances this has been achieved,5,9 but a systematic analytical

approach to the 3D symmetry point groups has remained as an

open challenge.

A first step towards that goal was recently published in this

journal,10 where a methodology for finding the minimal distance

between a given structure and the structure which is obtained af-

ter applying a selected symmetry operation on it, was developed

(the Symmetry Operation Measure). A symmetry measure, how-

ever, should evaluate the distance of a structure from all of the

symmetry operations that comprise the symmetry group G as a

whole. Here we report the successful achievement of this goal

by developing a general methodology and applying it on the fol-

lowing symmetry point groups: All of the improper rotational

point group symmetries, Sn, including mirror symmetry (S1,CS),

inversion (S2,Ci), the higher Sns (n > 2 is even), the rotational

C2 point group symmetry, the rotational Cn symmetries n > 2,

and finally the Cnh symmetry point group. The chirality measure

follows directly: It is the minimal of all Sn measures. Particu-

larly, pleasing is the result that the analytical solutions thus

obtained coincide with the CSM values which were used so far

in the literature, and which have been obtained by the ‘‘folding-

unfolding (F-U) algorithm’’ (described in Section ‘‘The S(G)
measure and the folding-unfolding algorithm’’).

Here is an outline of our new approach (see Fig. 1): The

symmetry measure, S(G), estimates the distance between the

studied structure, Qk ¼
xk
yk
zk

0
@

1
A; k ¼ 1 . . .N, and the resulting

structure obtained by operating on it all of the n operations (gi,
i 5 1. . .n) of a specific G-symmetry point group. It is a minimal

distance in the sense that the parameters of the symmetry
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